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Abstract
In this paper we extend some recent results on convex functions due to Dragomir [Some majorisation type discrete inequalities
for convex functions, Math. Inequal. Appl. 7 (2) (2004) 207–216].
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1. Introduction and summary
In this paper we study the inequalities of the form
n∑
k=1
pkf (yk)
n∑
k=1
pkf (xk), (1)
where f : I → R is a convex function on an interval I ⊂ R, x and y are certain vectors in In ⊂ Rn, and p ∈ Rn+ is a
vector with positive entries. For instance, it is well known (see [6, p. 75], cf. [4, pp. 207–208]) that if p1 =· · ·=pn = 1
then (1) holds for all continuous convex functions f iff x majorizes y in the sense that the sum of m largest entries of
y does not exceed the sum of m largest entries of x for all m = 1, 2, . . . , n with equality for m = n (see [7, p. 7]). An
extension of this fact for arbitrary vector p and decreasing n-tuples x and y can be found in [5]. A version for weak
majorization [7, p. 10] is given in Bullen et al. [2]. General results of this type are due to Dragomir [4]. A similar
problem within the framework of relative convexity has been studied by Niculescu and Popovici [9].
The aim of this paper is to provide conditions on the vectors x and y under which (1) is satisﬁed for convex functions.
Combining Dragomir’s subdifferential method [4, Theorem 4] and some results of [10], we give a framework for our
problem based on the duality of bases in the space Rn. We employ separable sequences in place of monotone ones.
This approach extends the applicability of the mentioned results from [4].
The paper is organized as follows. Our results are collected in Section 2. We begin with the notion of a separable
vector (sequence) on two given sets of indices. This concept is a natural generalization of monotone sequences and
synchronous sequences. It plays a central role in proving a class of linear inequalities asChebyshev inequality,Andersson
inequality, etc. (see [10] for details). This method is described in Lemma 2.1, and it is quoted from [10]. Subsequently,
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we present our Theorem 2.2, which states a new collection of assumptions implying inequality (1) for convex functions.
This theorem depends on choice of dual bases in Rn and of two underlying sequences. Employing various bases and
sequences, we provide a series of corollaries illustrating Theorem 2.2. In particular, we deal with both monotone and
nondecreasing in mean sequences. Also, star-shaped sequences and convex sequences are discussed. In Lemma 2.8 we
characterize a class of maps preserving star-shaped sequences. Corollaries 2.3 and 2.6 generalize results of Dragomir
[4, Corollaries 1, 2 and 4]. In Corollary 2.10 we apply Theorem 2.2 for a class of sequences including star-shaped
sequences. Finally, in Corollary 2.11 we present (1) for, among others, some decreasing convex sequences.
2. Results
Let V be a ﬁnite-dimensional real linear space with inner product 〈·, ·〉. Let e = {e1, . . . , en} be a basis in V , and let
d ={d1, . . . , dn} be the dual basis of e, that is 〈ei, dj 〉= ij (Kronecker delta). We say that a vector v ∈ V is e-positive
(e-negative), if 〈ei, v〉> 0 (resp. 〈ei, v〉< 0) for all 1 in.
Denote J ={1, . . . , n}. Let J1 and J2 be two sets of indices such that J1 ∪J2 =J . (It is possible that J1 or J2 is empty
and that J1 ∩J2 is nonempty.) Consider any vector v ∈ V and scalar  ∈ R. A vector z ∈ V is said to be , v-separable
on J1 and J2 (with respect to the basis e), if
〈ei, z − v〉0 for i ∈ J1, and 〈ej , z − v〉0 for j ∈ J2. (2)
In other words, z is , v-separable on J1 and J2 w.r.t. e if and only if
max
j∈J2
〈ej , z〉
〈ej , v〉 mini∈J1
〈ei, z〉
〈ei, v〉 , (3)
whenever v is e-positive (with the reverse inequalities and min and max interchanged if v is e-negative).
A vector z ∈ V is said to be v-separable on J1 and J2 (w.r.t. e), if z is , v-separable on J1 and J2 for some .
By (3), z is v-separable on J1 and J2 w.r.t. e if and only if
max
j∈J2
〈ej , z〉
〈ej , v〉 mini∈J1
〈ei, z〉
〈ei, v〉 (4)
provided v is e-positive.
Let V0 be a nonempty subset of V . We say that a map  : V0 → V preserves v-separability on J1 and J2 w.r.t. e, if
(z) is v-separable on J1 and J2 w.r.t. e for each z ∈ V0 such that z is v-separable on J1 and J2 w.r.t. e.
For example, if V = Rn with the standard inner product and e is the standard orthonormal basis in Rn and v =
(1, . . . , 1) ∈ Rn, then a nonincreasing sequence z = (z1, . . . , zn) is v-separable on the index sets J1 = {1, . . . , m} and
J2 = {m + 1, . . . , n} for each 1mn. In this case, if  : I → R is nondecreasing function, where I ⊂ R is an
interval, then the map (z) = ((z1), . . . ,(zn)), where z = (z1, . . . , zn) ∈ V0 = In, preserves v-separability on J1
and J2 w.r.t. e.
Lemma 2.1 (Niezgoda [10, Theorem 3.5]). Assume that e = {e1, . . . , en} is a basis in V, and d = {d1, . . . , dn} is the
dual basis of e.
Let w, v, u and z be vectors in V with 〈w, v〉> 0. Denote = 〈u, v〉/〈w, v〉. If there exist index sets J1 and J2 with
J1 ∪ J2 = J , where J = {1, 2, . . . , n}, such that
(i) z is v-separable on J1 and J2 w.r.t. e, and
(ii) u is , w-separable on J1 and J2 w.r.t. d,
then the inequality
〈z,w〉〈u, v〉〈z, u〉〈w, v〉 (5)
holds.
Notice that the case w = v of (5) leads to a Chebyshev type inequality (see [10, Sections 3– 4]).
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For a given positive sequence p1, . . . , pn, we introduce inner product on Rn by
〈a, b〉 =
n∑
k=1
akbkpk for a = (a1, . . . , an) and b = (b1, . . . , bn). (6)
Theorem 2.2. Assumef : I → R is a convex function on the open interval I ⊂ R.Letx=(x1, . . . , xn),y=(y1, . . . , yn)
and p = (p1, . . . , pn), where xi, yi ∈ I , pi > 0 for i ∈ J = {1, . . . , n}.
Let f : I → R be the subdifferential of f, and let  ∈ f . Deﬁne
(z) = ((z1), . . . ,(zn)) for z = (z1, . . . , zn) ∈ In.
Let e, d, w and  be as in Lemma 2.1 for V =Rn with inner product given by (6). Denote = 〈x − y, v〉/〈w, v〉 with
〈w, v〉> 0.
Suppose that there exist index sets J1 and J2 with J1 ∪ J2 = J such that
(i) y is v-separable on J1 and J2 w.r.t. e,
(ii) x − y is , w-separable on J1 and J2 w.r.t. d, and
(iii)  preserves v-separability on J1 and J2 w.r.t. e.
Under the above assumptions, the following assertions holds.
(A) If 〈x − y, v〉 = 0, then
n∑
k=1
pkf (yk)
n∑
k=1
pkf (xk). (7)
(B) If 〈x − y, v〉0 and 〈(y), w〉0, then (7) holds.
Proof. It follows from [4, Theorem 4] and (6) that
n∑
k=1
pk(f (xk) − f (yk))
n∑
k=1
pk(xk − yk)(yk) = 〈x − y,(y)〉. (8)
Combining (i) and (iii), we deduce that the vector (y) is v-separable on J1 and J2 w.r.t. e. Utilizing Lemma 2.1, we
get
〈x − y,(y)〉 1〈w, v〉 〈x − y, v〉〈(y), w〉, (9)
since 〈w, v〉> 0. So, if 〈x − y, v〉 = 0 then (7) follows from (8)–(9).
Similarly, if the conditions 〈x − y, v〉0 and 〈(y), w〉0 are fulﬁlled, then (7) holds by virtue of (8)–(9). This
completes the proof. 
In what follows, we interpret Theorem 2.2 for various vectors w and v and bases e and d.
Corollary 2.3. Under the assumptions of Theorem 2.2, let w = v = (1, . . . , 1) and let e = d be the basis in Rn
(orthonormal w.r.t. inner product (6)) given by
ei = di = 1√
pi
⎛
⎜⎝ 0, . . . , 0︸ ︷︷ ︸
i−1 times
, 1, 0, . . . , 0
⎞
⎟⎠ , i = 1, . . . , n. (10)
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Denote
= 〈x − y, v〉/〈w, v〉 = 1
Pn
n∑
k=1
(xk − yk)pk , (11)
where Pn =∑nk=1pk .
If there exist index sets J1 and J2 with J1 ∪ J2 = J such that
(i) y is v-separable on J1 and J2 w.r.t. e, i.e.,
yj yi for i ∈ J1 and j ∈ J2, (12)
(ii) x − y is , w-separable on J1 and J2 w.r.t. d = e, i.e.,
xj − yj xi − yi for i ∈ J1 and j ∈ J2, (13)
then assertions (A) and (B) of Theorem 2.2 hold.
Proof. It is sufﬁcient to show that condition (iii) of Theorem 2.2 is satisﬁed.
Since f is a convex function and  ∈ f ,  is a nondecreasing function. If z = (z1, . . . , zn) is a v-separable vector
on J1 and J2 w.r.t. e, then zj zi for i ∈ J1 and j ∈ J2. Consequently,
(zj )(zi) for i ∈ J1 and j ∈ J2.
This means that the vector (z) = ((z1), . . . ,(zn)) is v-separable on J1 and J2 w.r.t. e. In summary, the map 
preserves v-separability on J1 and J2. This proves condition (iii) of Theorem 2.2, as required. 
Remark 2.4. Conditions (12)–(13) take the equivalent form
xj − yj yixi −  for i ∈ J1 and j ∈ J2.
Observe that
∑n
k=1(xk − yk)pk = 0 yields = 0, which simpliﬁes the last inequalities.
Conditions (12)–(13) are fulﬁlled for index sets of the form
J1 = {1, 2, . . . , m} and J2 = {m + 1, . . . , n}
for some m ∈ J , if both y and x − y are monotonic nonincreasing sequences, i.e.,
y1 · · · yn and x1 − y1 · · · xn − yn.
Likewise, if both y and x − y are monotonic nondecreasing sequences, then (12)–(13) hold with
J1 = {m + 1, . . . , n} and J2 = {1, 2, . . . , m}.
In these cases, Corollary 2.3, assertion (A), reduces to a result of Dragomir [4, Corollary 1]. It is related to Chebyshev
inequality for monotone sequences. With the additional assumption that f is nondecreasing, Corollary 2.3, assertion
(B), becomes [4, Corollary 2].
Example 2.5. Under the assumptions of Corollary 2.3, set pk = 1 for k = 1, . . . , n with even n. Then e = d is the
standard orthonormal basis in Rn. Take
xk =
{−4 if 1k n2
4 if n2 <kn
and yk =
{
(−1)k+1 − 2 if 1k n2
(−1)k+1 + 2 if n2 <kn
.
Then
xk − yk =
{
(−1)k − 2 if 1k n2
(−1)k + 2 if n2 <kn
.
Denote J1 = {k ∈ N : (n/2)< kn} and J2 = {k ∈ N : 1k(n/2)}.
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It is easily seen that
(i) = 1
n
∑n
k=1(xk − yk) = 0,
(ii) the sequence y is v-separable on J1 and J2 w.r.t. e, and x − y is , w-separable on J1 and J2 w.r.t. d = e,
(iii) the sequences y and x − y are not synchronous, because
(yi − yj )[(xi − yi) − (xj − yj )]< 0 for i = 1 and j = 2.
However, by Corollary 2.3, inequality (7) is met for any convex function f and for x and y deﬁned above.
Corollary 2.6. Under the assumptions of Theorem 2.2, let w = v = (1, . . . , 1) and let  be as in (11). Suppose that e
is the basis in Rn consisting of the vectors
ei =
⎛
⎜⎝ 0, . . . , 0︸ ︷︷ ︸
i−1 times
,
1
pi
,− 1
pi+1
, 0, . . . , 0
⎞
⎟⎠ , i = 1, . . . , n − 1, and (14)
en =
(
0, . . . , 0,
1
pn
)
. (15)
Let d be the dual basis of e, that is
di =
⎛
⎜⎝1, . . . , 1︸ ︷︷ ︸
i times
, 0, . . . , 0
⎞
⎟⎠ , i = 1, . . . , n. (16)
If there exist index sets J1 and J2 with J1 ∪ J2 = J such that
(i) y is v-separable on J1 and J2 w.r.t. e, i.e., there exists  ∈ R satisfying
yj − yj+10yi − yi+1 for i ∈ J1 and j ∈ J2 (17)
with the convention yn+1 = ,
(ii) x − y is , w-separable on J1 and J2 w.r.t. d, i.e.,
1
Pj
j∑
k=1
(xk − yk)pk 1
Pi
i∑
k=1
(xk − yk)pk for i ∈ J1 and j ∈ J2, (18)
where Pl =∑lk=1pk for l = 1, 2, . . . , n,
then assertions (A) and (B) of Theorem 2.2 hold.
Proof. It is not hard to check that condition (iii) of Theorem 2.2 is met (see the proof of Corollary 2.3). Now,
Corollary 2.6 follows from Theorem 2.2. 
Remark 2.7. Under (14)–(15), the sequence v = (1, . . . , 1) is not e-positive and 〈ei, v〉 = 0 for i < n. So, we use (2)
to get (17).
If y is monotonic nondecreasing, i.e., y1y2 · · · yn, and x − y is monotonic nondecreasing in P-mean
[13, p. 318], i.e.,
1
Pl
l∑
k=1
(xk − yk)pk 1
Pl+1
l+1∑
k=1
(xk − yk)pk, l = 1, 2, . . . , n − 1, (19)
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then conditions (17)–(18) are satisﬁed for
J1 = {n} and J2 = {1, 2, . . . , n − 1}.
In this situation, Corollary 2.6 becomes a result ofDragomir [4, Corollary 4]. It is connectedwith a version of Chebyshev
inequality by Biernacki [1] (see also [3]). More generally, (19) can be replaced by
1
Pl
l∑
k=1
(xk − yk)pk 1
Pn
n∑
k=1
(xk − yk)pk, l = 1, 2, . . . , n − 1.
This case is associated with Chebyshev type inequality due to Rychlik [12].
A sequence y = (y1, . . . , yn) ∈ Rn is said to be star-shaped [13, p. 318], if
yl
l
 yl+1
l + 1 for l = 1, 2, . . . , n − 1. (20)
A function  : I → R, t ∈ I , where I ⊂ R+, is said to be star-shaped, if the function t → (t)t is nondecreasing(c.f. [8]). E.g., the exponent function t → exp t is star-shaped on I if and only if I ⊂ [1,∞) (c.f. (21)). Thus the exponent
function is not star-shaped on ( 12 ,
3
2 ). This proves that the convexity of  on I needs not imply the star-shapeness of
. However, if the function  is convex on [0, a) and (0) = 0 then it is star-shaped on I = (0, a) [8,14]. (See also
Remark 2.9.)
Lemma 2.8. Let : I → R be a differentiable positive nondecreasing and convex function on a positive open interval
I ⊂ R+. Deﬁne (z) = ((z1), . . . ,(zn)) for z = (z1, . . . , zn) ∈ In.
If
(i) the function t → (t), t ∈ I , is star-shaped, or, equivalently,
(ii) the following differential inequality holds
(t)
t
′(t) for all t ∈ I , (21)
then
(iii)  preserves star-shapeness of sequences, i.e., (20) implies
(yl)
l
 (yl+1)
l + 1 for l = 1, 2, . . . , n − 1. (22)
Proof. (ii) ⇔ (i). Condition (21) can be restated as
1
t
 
′(t)
(t)
for all t ∈ I ,
which is equivalent to
0(ln (t) − ln t)′ =
(
ln
(t)
t
)′
for all t ∈ I .
This means that the function t → ln((t)/t), t ∈ I , is nondecreasing. Equivalently, the function t → ((t)/t), t ∈ I ,
is nondecreasing. That is,  is star-shaped.
(ii) ⇒ (iii). Since  is convex, we have
′(t) (t + h) − (t)
h
for t, t + h ∈ I with h> 0.
Therefore (21) implies
(t)
t
 (t + h) − (t)
h
for t, t + h ∈ I with h> 0. (23)
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Let y = (y1, . . . , yn) ∈ In be a star-shaped sequence (see (20)). Put zl = yl/ l. Fix any l ∈ {1, 2, . . . , n − 1}. Then
zlzl+1. Using (23) for h = zl and t = yl = lzl , we obtain
(lzl)
lzl
 (lzl + zl) − (lzl)
zl
.
Hence
(lzl) l((lzl + zl) − (lzl)),
and further
(l + 1)(lzl) l((l + 1)zl).
But  is nondecreasing, so
(l + 1)(lzl) l((l + 1)zl+1),
which gives
(lzl)
l
 ((l + 1)zl+1)
l + 1 .
In consequence,
(yl)
l
 (yl+1)
l + 1 .
By the arbitrariness of l, the sequence (y) = ((y1), . . . ,(yn)) is star-shaped, which is what had to be proved. 
Remark 2.9. The crucial fact leading to (22) is the property (23). In the above proof, (23) is a consequence of the
convexity and star-shapeness of . If in addition  is deﬁned on [0, a) with (0)= 0, then (23) on I = (0, a) is implied
by the convexity of  on [0, a).
Corollary 2.10. Under the assumptions of Theorem 2.2, let w = v = (1, 2, . . . , n) and let e = d be the basis in Rn
given by (10). Denote
= 〈x − y, v〉/〈w, v〉 = 1
P˜n
n∑
k=1
(xk − yk)kpk , (24)
where P˜n =∑nk=1k2pk .
If there exist index sets J1 and J2 with J1 ∪ J2 = J such that
(i) y is v-separable on J1 and J2 w.r.t. e, i.e.,
yj
j
 yi
i
for i ∈ J1 and j ∈ J2, (25)
(ii) x − y is , w-separable on J1 and J2 w.r.t. d = e, i.e.,
xj − yj
j
 xi − yi
i
for i ∈ J1 and j ∈ J2, (26)
(iii)  preserves v-separability on J1 and J2 w.r.t. e, i.e., (25) implies
(yj )
j
 (yi)
i
for i ∈ J1 and j ∈ J2, (27)
then assertions (A) and (B) of Theorem 2.2 hold.
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Proof. Apply Theorem 2.2. 
If y and x−y are star-shaped sequences, and, in addition, the map preserves star-shaped sequences, then conditions
(25)–(27) are satisﬁed for the index sets
J1 = {m + 1, . . . , n} and J2 = {1, 2, . . . , m}
for some m. Thus Corollary 2.10 corresponds to Chebyshev inequality for star-shaped sequences (cf. [13, Section 3]).
Corollary 2.11. Under the assumptions of Theorem 2.2, let w= v = (1, 2, . . . , n) and let  be as in (24). Suppose that
e and d are the bases in Rn deﬁned by (14)–(16).
If there exist index sets J1 and J2 with J1 ∪ J2 = J such that
(i) y is v-separable on J1 and J2 w.r.t. e, i.e., there exists  ∈ R satisfying
yj+1 − yj yi+1 − yi for i ∈ J1 and j ∈ J2 (28)
with the convention yn+1 = (n + 1),
(ii) x − y is , w-separable on J1 and J2 w.r.t. d, i.e.,
1
Pˆj
j∑
k=1
(xk − yk)pk 1
Pˆi
i∑
k=1
(xk − yk)pk for i ∈ J1 and j ∈ J2, (29)
where Pˆl =∑lk=1kpk , l = 1, . . . , n,
(iii)  preserves v-separability on J1 and J2 w.r.t. e, i.e., (28) implies that there exists  ∈ R satisfying
(yj+1) − (yj )(yi+1) − (yi) for i ∈ J1 and j ∈ J2 (30)
with the convention (yn+1) = (n + 1),
then assertions (A) and (B) of Theorem 2.2 hold.
Proof. Use Theorem 2.2. 
Remark 2.12. Under (14)–(15), the vector v = (1, 2, . . . , n) is neither e-positive nor e-negative, because 〈ei, v〉=−1
for i < n, and 〈ei, v〉 = n for i = n. Therefore (28) is a consequence of (2).
A sequence y = (y1, . . . , yn) is said to be convex [13, p. 318], if
y2 − y1y3 − y2 · · · yn − yn−1. (31)
Equivalently, (31) says that
yl
yl−1 + yl+1
2
for l = 2, . . . , n − 1. (32)
In consequence, the map (z) = ((z1), . . . ,(zn)), z ∈ In, induced by a function  : I → R, preserves convex
sequences if (32) implies
(yl)
(yl−1) + (yl+1)
2
for l = 2, . . . , n − 1. (33)
For instance, if  is nondecreasing and convex, then (33) is met.
Corollary 2.11 gives inequality (7) under a new kind of assumptions. For example, conditions (28)–(30) are fulﬁlled
for the index sets
J1 = {1, 2, . . . , m} and J2 = {m + 1, . . . , n}
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for some m depending on , whenever x − y is monotonic nonincreasing in Pˆ -mean, i.e.,
1
Pˆl
l∑
k=1
(xk − yk)pk 1
Pˆl+1
l+1∑
k=1
(xk − yk)pk for l = 1, 2, . . . , n − 1,
and, in addition, y = (y1, . . . , yn) belongs to the class of decreasing convex sequences such that y1n(y2 − y1) (e.g.,
y = −(n + 1, n + 2, . . . , 2n)). It is also assumed that  is a nondecreasing convex function with (0) = 0.
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